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Abstract
Let G be an irreducible collineation group of a finite projective plane π of even order
n ≡ 0 mod 4. Our goal is to determine the structure of G under the hypothesis that G
fixes a hyperoval Ω of π . We assume |G| ≡ 0 mod 4. If G has no involutory elation,
then G = O(G)  S2 with a cyclic Sylow 2-subgroup S2 and G has a normal subgroup
M of odd order such that a G/M has a minimal normal 3-subgroup. If the subgroup S
generated by all involutory elations in G is non-trivial and Z(S) denotes its center, then
either S ∼= Alt(6) and n = 4, or S/Z(S) ∼= (C3 × C3)  C2, Z(S) is a (possibly trivial)
3-group and n≡ 1 mod 3. In the latter case there exists a G-invariant subplane π˜ in π such
that the collineation group G˜ induced by G on π˜ is irreducible and fixes a hyperoval Ω˜ .
Furthermore, the subgroup S˜ generated by all involutory elations in G˜ is a generalized
Hessian group of order 18, that is S˜ ∼= (C3 ×C3)C2 and the configuration of the centers
of the involutory elations in G˜ consists of the nine inflexions of an equianharmonic cubic
of a subplane π0 of order 4. In particular, π0 is generated by the centers and the axes of all
involutory elations in G, and hence it is the so-called Hering’s minimal subplane of π with
respect to G.  2002 Elsevier Science (USA). All rights reserved.
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1. Introduction
A collineation group of a projective plane is said to be irreducible if it fixes no
point, line or triangle. A considerable amount of work has been done by Hering
and others on the classification project for irreducible collineation groups, see [1–
5]. This effort has already produced some deep results on the possible structures
of irreducible collineation groups of finite projective planes containing non-trivial
perspectivities.
In this paper we devote our attention to the question of which irreducible
collineation groups may fix a hyperoval in a finite projective plane of even order n.
We assume |G| ≡ 0 mod 4. First we prove that either such a group G has a cyclic
Sylow 2-subgroup and a normal subgroup M of odd order such that G/M has
a minimal normal 3-subgroup, or G contains some involutory elations. Then we
determine the subgroup S generated by all involutory elations in G. Only two
cases occur, namely either S ∼= Alt(6) and n = 4, or S/Z(S) ∼= (C3 × C3) C2,
Z(S) is a (possibly trivial) 3-group, and n≡ 1 mod 3. It should be noted that the
subgroup Z(S) might fix a large subplane pointwise, hence one cannot expect to
be able to describe all possibilities for the structure of Z(S) when it is non-trivial.
Nevertheless, the collineation group G˜ induced by G on the pointwise fixed
subplane π˜ of Z(S) is almost completely determined. In fact, G˜ is irreducible,
fixes a hyperoval Ω˜ and the subgroup S˜ generated by all involutory elations in
G˜ is a generalized Hessian group of order 18, that is S˜ ∼= (C3 × C3)  C2 and
the configuration of the centers of involutions in G˜ consists of the nine inflexion
points of an equianharmonic cubic of a subplane π0 of order 4. We mention that
this situation occurs both in PG(2,4) and PG(2,16), see Section 2.1, but we are
not discussing here the general question of which of the known planes fit the
above irreducibility condition.
We point out that our results give a new contribution to the analysis of the
composition series of an irreducible collineation group of a finite projective plane
in the spirit of [2,4,6]. We have in fact the following corollary. Let π be projective
plane of even order n with a hyperoval Ω and assume G is an irreducible
collineation group of π fixing Ω with |G| ≡ 0 mod 4. Then either G is one of
Sym(6), Alt(6) with n= 4, or G has a composition factor of order 3.
Our proofs are based on a number of previous results on collineation groups
fixing a hyperoval, as well as on Hering’s work [7] concerning collineation groups
generated by elations. Some deeper results from the theory of finite groups are
also required.
A. Bonisoli, G. Korchmáros / Journal of Algebra 252 (2002) 431–448 433
2. Preliminaries
By an involutory elation of a projective plane we shall always mean an
elation of order 2. A non-trivial central collineation fixing a hyperoval in a finite
projective plane of even order is necessarily an involutory elation with center off
the hyperoval. If a finite projective plane of even order n > 2 admits a collineation
of order 2, then Theorem 13.18 in [8] yields n≡ 0 mod 4.
Proposition 2.1 [9, Lemma 3.2]. Each involutory elation fixing a hyperoval in
a finite projective plane of even order n > 2 has a secant line as axis and induces
an even permutation on the points of the hyperoval.
Proposition 2.2 [10, 3.1.11]. Let π be a finite projective plane of even order n.
Let α, β be involutory elations of π . If α and β have distinct centers and the same
axis then α and β commute.
2.1. Small planes
Hyperovals in PG(2,2), PG(2,4), and PG(2,8) always consist of a conic plus
its nucleus and we have thus uniqueness up to projective equivalence in each case,
see [11, Section 8.4] or [12, Section 8.4].
A hyperoval in PG(2,2) is simply a quadrangle, its complement being a line,
and so the stabilizer of the hyperoval in the full collineation group of PG(2,2)
is the stabilizer of the line, a group isomorphic to Sym(4). We conclude that
a collineation group fixing a hyperoval in the plane of order 2 cannot be
irreducible.
The stabilizer of a hyperoval in the full collineation group of PG(2,4) is
Sym(6), the linear part being Alt(6). Both groups act irreducibly on PG(2,4) and
their action on the points of the hyperoval is the natural one. Each point P off the
hyperoval is the center of precisely three involutory elations fixing the hyperoval,
the axes being the three secants to the hyperoval through P , respectively. We
obtain 45 elations altogether and these account for all involutions in Alt(6).
There is only another conjugacy class of maximal subgroups of Sym(6)
acting irreducibly on PG(2,4). Each group in this class has order 72 and is the
semidirect product of its normal Sylow 3-subgroup, which is elementary abelian,
by a Sylow 2-subgroup, which is dihedral. The linear part is also irreducible,
has order 36 with cyclic Sylow 2-subgroups. In either case the subgroup S
generated by the involutory elations is a generalized Hessian group of order 18,
that is S ∼= (C3 ×C3)C2 and the configuration of the centers of the involutory
elations consists of the nine inflexions of an equianharmonic cubic of PG(2,4),
see Chapter 4 of [12] for more information.
A collineation fixing a hyperoval of PG(2,8) must map some five points of
the underlying conic to points which are on the conic again, the collineation
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must therefore fix the underlying conic and so must fix its nucleus. We conclude
that a collineation group fixing a hyperoval in the plane of order 8 cannot be
irreducible.
The classification of hyperovals in projective planes of order 16 is still in
progress, see [13]. By a result of Hall [14], a hyperoval in PG(2,16) which
cannot be obtained from a conic by adding its nucleus is projectively equivalent to
the Lunelli–Sce–Hall hyperoval. In [15] the stabilizer G of the Lunelli–Sce–Hall
hyperoval was completely determined. We summarize the main properties:
(i) G = H × 〈σ 〉 where H is the linear subgroup of G and σ is a Baer
involution inducing an odd permutation on the hyperoval. Furthermore,
H ∼= PGU(3,4) or, equivalently, H is isomorphic to the group of all affine
linear transformations over GF(9), in particular, S ∼= (C3 ×C3)C2 where
S is the subgroup of G generated by all involutory elations;
(ii) G is transitive on the hyperoval;
(iii) G is irreducible on PG(2,16) and its Hering minimal subplane coincides
with the fixed Baer subplane of σ which is disjoint from the hyperoval.
2.2. Some general properties
Proposition 2.3. Let π be a finite projective plane of even order n with a hyper-
oval Ω . Let N be a collineation group of odd order of π fixing Ω . Assume
π0 = Fix(N) is a proper subplane of π such that Ω0 = Ω ∩ π0 is non-empty.
Then Ω0 is a hyperoval in π0 and, in particular, the order of π0 is even.
If σ is a Baer involution of π fixing Ω and π0 and having some fixed point
on Ω , then σ induces a Baer involution on π0.
Proof. Letm be the order of π0 and let Q be a point onΩ0. Each one of the m+1
lines of π0 throughQ meets Ω at a further point which is also fixed by N and lies
thus in π0. We have thus obtained m+ 2 points on Ω0: since Ω0 is certainly an
arc in π0, we have |Ω0| =m+ 2 and Ω0 is a hyperoval in π0. In particular, m is
even.
Assume σ induces the identity on π0. We have Ω0 ⊆ π0 ⊆ Fix(σ ) and so
case (2) of Proposition 1.1 in [16] occurs. In particular, each line of Fix(σ ) is
a secant of Ω . Let  be a line of π0 which is external to Ω0. Since  is fixed by σ ,
we have that  meets Ω at two points P , Q not in Ω0. Since  is also fixed by N ,
we see that {P,Q} is setwise fixed by N : as the order of N is odd, we conclude
that {P,Q} is pointwise fixed by N , in other words, P , Q ∈Ω0, a contradiction.
Assume σ induces an involutory elation on π0 with center C0. Let  be
a line of π0 through C0 with  ∩ Ω0 = ∅. As a line in π0 through the elation
center,  is fixed by σ . The assumption that σ fixes some point on Ω shows that
case (2) of Proposition 1.1 in [16] applies again and so  is a secant to Ω . Setting
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 ∩Ω = {P,Q} we conclude as before that {P,Q} is pointwise fixed by N , that
is P , Q ∈Ω0, a contradiction.
We conclude that σ induces a Baer involution on π0. ✷
Proposition 2.4 [16, Proposition 1.1]. Let π be a finite projective plane of even
order n with a hyperoval Ω . If n > 4 then no two distinct involutory elations of π
fixing Ω have the same center.
Proposition 2.5. Let π be a finite projective plane of even order n > 4 with
a hyperoval Ω . Let α and β be involutory elations fixing Ω . Let α have axis
a and center A; let β have axis b and center B . Assume a = b with {X} = a ∩ b,
with both A and B distinct from X. Denoting by  the line joining the centers A
and B , then the collineation αβ acts semiregularly on π \ ({X}∪). In particular,
the order of αβ is a divisor of n2 − 1. If X /∈Ω then αβ has order 3 and the line
 is external to Ω .
Proof. We knowX is the unique fixed point of αβ off the line , see Exercise 4.21
in [8].
We have (αβ)k = (αβα · · ·βα)β where the product in brackets contains 2k−1
factors: call this product γ . The kth factor in γ is α or β according as k − 1 is
even or odd, respectively. We see that γ is the conjugate of either α or β by the
collineation δ = αβα · · · , where this product now contains k − 1 factors. The
center of γ is either Aδ or Bδ . Since the collineation γ fixes , we see that γ is
an involutory elation whose axis is a line m through X and whose center is the
common point of  and m.
If m = b then (αβ)k is the product of two involutory elations with distinct axes
and centers which are both distinct from the common point of the axes. Again
Exercise 4.21 in [8] shows that (αβ)k is fixed-point-free off {X} ∪ . If m = b
then the center of γ is equal to B . In this case both γ and β are involutory elations
with axis b and center B: as we are assuming n > 4 we must have β = γ and so
(αβ)k is the identity.
If  is a secant to Ω , then, since X /∈Ω , the collineation αβ acts semiregularly
on the n points of Ω not on . It follows from gcd(n,n2 − 1)= 1 that this is not
the case.
If  is external to Ω , then the collineation αβ acts semiregularly on Ω and
since gcd(n+ 2, n2 − 1) is a divisor of 3, we have that αβ has order 3. ✷
Proposition 2.6. Let π be a finite projective plane of even order n > 4 with
a hyperoval Ω . Let α and β be involutory elations fixing Ω . Let α have axis
a and center A; let β have axis b and center B . If A = B and B ∈ a then α, β
commute, whence A ∈ b and a = b.
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Proof. The collineation αβα = α−1βα is an involutory elation with center
Bα = B fixing Ω : since an involutory elation fixing a hyperoval is uniquely
determined by its center, we have αβα = β , whence αβ = βα. Proposition 3.1.12
in [10] shows that this can only be the case if a = b. ✷
Proposition 2.7. Let π be a finite projective plane of even order n > 4 with
a hyperoval Ω . Let α, β and γ be distinct involutory elations of π fixing Ω . If
both α and β commute with γ , then α, β , γ have the same axis and α commutes
with β .
Proof. By Proposition 3.1.12 in [10] the axis of α must be the same as the axis of
γ and the axis of β must be the same as the axis of γ . We conclude that α, β and
γ have the same axis, say . Since there are non-trivial elations for at least two
distinct centers on , we conclude with [10, 3.1.11] that the group of all elations
with axis  of π is abelian and the assertion follows. ✷
Proposition 2.8. Let π be a finite projective plane of even order n > 4 with
a hyperoval Ω . Let D be a dihedral collineation group of π fixing Ω such 4
divides |D| and with the property that all involutions in D are elations. Then D
has order 4.
Proof. The dihedral group is generated by two involutions not in the cyclic base,
whose product generates the cyclic base. Since the involution in the cyclic base
lies in the center of the dihedral group, Proposition 2.7 shows that the whole
dihedral group is abelian and the assertion follows. ✷
Proposition 2.9. Let G be a collineation group of a finite projective plane of even
order n fixing a hyperoval. If G∼= Alt(6) then n= 4.
Proof. If G contains no involutory elations then its Sylow 2-subgroups of G are
cyclic by [16, Proposition 1.5] and that is not the case. At least one involution in
G is thus an involutory elation; since Alt(6) has a unique class of involutions we
see that all involutions in G are involutory elations. As G possesses a dihedral
subgroup of order 8, the previous proposition yields the assertion. ✷
Proposition 2.10. Let π be a finite projective plane of order n and let G be
a collineation group of π . Let N be a normal subgroup of G fixing a subplane
π˜ pointwise. Assume γ is an involutory elation in G. Then γ induces on π˜ an
involutory elation with the same center and the same axis.
Proposition 2.11. Let G be a collineation group of a finite projective plane π
of even order n. Assume G contains involutory elations. Assume further that the
centers and the axes of the involutory elations in G generate a subplane π0. Let K
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be the subgroup of G fixing π0 elementwise and let G0 be the collineation group
induced by G on π0. If G0 has only one conjugacy class of involutions, then each
involutory elation in G0 is the restriction to π0 of some involutory elation in G.
Proof. Let γ ∈G be an elation. Then the collineation γ¯ = γK of π0 is an elation.
Let δ¯ = δK be another involution in G0. Since any two involutions in G0 are
conjugate in G0, we find a collineation η ∈G such that (ηK)−1(γK)(ηK)= δK
holds, whence η−1γ η ∈ δK and so δ¯ = δK is the restriction to π0 of the involutory
elation η−1γ η. ✷
3. Solvable irreducible collineation groups of projective planes of even
order
In this section we prove the following proposition which will be used in the
proof of the main result.
Proposition 3.1. Let H be a group acting on a finite projective plane of even order
n as a strongly irreducible collineation group. Assume H has a solvable minimal
normal subgroup and that H contains involutory elations, no two of which have
the same center. Then n = 4 and H is isomorphic to a subgroup of PGU(3,4).
Furthermore, the subgroup S generated by all involutory elations is a generalized
Hessian group of order 18.
Proof. The main result of [6] implies that the unique minimal normal subgroup
M of H is a self-centralizing elementary abelian group of order 9. Furthermore,
M has no fixed points nor fixed lines.
Let γ be an arbitrary involutory elation in H . Since γ normalizes M , the
subgroup L generated by M and γ has order 18.
Checking the list of groups of order 18 containing an elementary abelian
subgroup of order 9, see, for instance, [17], one possibility is that L be the direct
product of Sym(3) by a cyclic group of order 3. If this is the case, then there
are only three involutions in L, say γ , δ, η, they all lie in the normal subgroup
isomorphic to Sym(3) and they are conjugate. Since γ is an elation, all three
involutions are elations. If γ and δ had the same axis, then the group of all elations
with that axis should be abelian by [10, 3.1.11], in particular, γ and δ should
commute, which is not the case. If γ and δ have distinct axes and the center of
δ lies on the axis of γ , then γ δγ should be an involutory elation with the same
center as δ and hence coincide with δ, again contradicting the fact that γ and δ
do not commute. The elations γ and δ must therefore have distinct axes and the
center of either one does not lie on the axis of the other one. If X is the common
point of the axes, then the axis of η = γ δγ is a third line through X and so, in
particular, X is the unique point which is fixed by all three elations. The point
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X is thus the unique fixed point for the normal subgroup of L generated by the
three elations. We conclude that X is fixed by L and so it is fixed by M as well,
a contradiction.
As γ does not centralize M , the unique other possibility is that L be the
semidirect product of M by 〈γ 〉 and so L is a Frobenius group with M as
kernel and 〈γ 〉 as complement. Since M has no fixed points, the group L has
no fixed points either. Similarly, L fixes no line. Since all involutions in L are
conjugate to γ , they are elations. Thus Lemma 2.9 in [16] applies to L. It turns
out that L acts faithfully on an L-invariant subplane π0 of order 4 such that L
centralizes a unitary polarity U of π0. Since the absolute points of U are the
nine inflexions of an equianharmonic cubic of π0, see Corollary 11.2 in [12],
the assertion follows. ✷
4. Irreducible collineation groups fixing a hyperoval and containing no
elations
Let π be a finite projective plane of even order n > 2 with a hyperoval Ω . Let
G be a collineation group of π fixing Ω with |G| ≡ 0 mod 4.
Proposition 4.1. Assume G contains no involutory elations. If N is a minimal
normal subgroup of G fixing no point of π then n ≡ 1 mod 3 and N is an
elementary abelian 3-group.
Proof. Since G contains no involutory elations, Proposition 1.5 in [16] shows
that the Sylow 2-subgroups of G are cyclic. If E is a Sylow 2-subgroup of G
and O(G) denotes the largest normal subgroup of odd order of G, we have then
G∼=O(G)E, see, for instance, [18, IV Satz 2.8]. In particular, G is solvable,
O(G) consists of all collineations of odd order in G, all involutions are conjugate
in G and are Baer involutions. Furthermore, since each Baer involution is the
square of some collineation in G, we have that each Baer involution in G induces
an even permutation on Ω .
As a consequence, case (2) of Proposition 1.1 in [16] applies: for each Baer
involution β ∈G the Baer subplane Fix(β) meets Ω in a hyperoval of Fix(β) and
each line of Fix(β) is a secant of Ω .
Since G is solvable the group N is elementary abelian of order pe for
some prime p. If p = 2 then |N | = 2 and N fixes a Baer subplane pointwise
contradicting our assumption that N acts fixed-point-free on π . Hence p is odd
and since N has no fixed points on π , the length of each N -orbit is a power
of p and so p divides both n + 2 and n2 + n + 1, consequently p = 3 and
n≡ 1 mod 3. ✷
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Proposition 4.2. IfG is a cyclic 2-group containing a Baer involution thenG fixes
elementwise a proper subplane π∗ of π such that Ω∗ =Ω ∩ π∗ is a hyperoval
in π∗.
Proof. The proof is obtained by repeated use of Lemma 1.4 in [16]. ✷
Proposition 4.3. Assume G is irreducible on π and contains no involutory
elations. There exists a normal subgroup K of G such that G/K has a minimal
normal 3-subgroup.
Proof. Assume the assertion is not true and let the plane π and its collineation
group G form a counterexample in which n is least possible. Proposition 4.2
shows that if O(G) is trivial then G has fixed points on π . Hence O(G) is non-
trivial and so G contains a minimal normal subgroup N of odd order.
Since G is solvable the group N is elementary abelian of order pe for some
prime p. IfN fixes no point of π then Proposition 4.1 shows that p= 3 and letting
K be the trivial subgroup we see that π and G do not form a counterexample to
our statement, a contradiction. Hence N fixes some point of π . We have that
Fix(N) is setwise fixed by G and the assumption G irreducible on π forces thus
Fix(N) to be a proper subplane π0 of π , the order of which we denote by m.
Set Ω0 =Ω∩π0 and let β be a Baer involution in G. Since the number of lines
in π0 is m2 +m+ 1, an odd number, the involution β fixes some line  in π0. We
already remarked that each fixed line of β is a secant of Ω and so, since  ∩Ω
is setwise fixed by the group N , which has odd order, it is also pointwise fixed
by N , that is ∩Ω ⊆Ω0.
We have shown thatΩ0 is non-empty and so by Proposition 2.3 it is a hyperoval
in π0 and m is even.
We have also seen that β has some fixed point onΩ and consequently all of the
assumptions of Proposition 2.3 are fulfilled: we conclude that β induces a Baer
involution β0 on π0.
Let M0 denote the kernel of the action of G on π0. The collineation group G0
induced by G on π0 is isomorphic to G/M0. We have seen that M0 contains no
involution and so |M0| is odd and a Sylow 2-subgroup of |G0| has the same order
as a Sylow 2-subgroup of G.
Since all involutions in G0 are conjugate to β0, we see that G0 contains
no involutory elation. Furthermore, G0 acts irreducibly on π0 and fixes Ω0. In
particular O(G0) is non-trivial by Proposition 4.2. The minimality of n shows
that there exists a normal subgroup K0 = K/M0 of G0 such that G0/K0 has
a minimal normal 3-subgroup. Since G0/K0 is isomorphic to G/K we have that
π and G do not form a counterexample, the final contradiction. ✷
Remark 1. No hyperoval is known yet whose full collineation group G is
irreducible and contains no involutory elation. It might be that no such hyperoval
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exists. However, if such an example does exist, then the minimal one occurs for
G=O(G) S2 with a normal 3-subgroupO(G).
5. Some corollaries to Hering’s classification
We restate in a single statement the results in Sections 4 and 5 of [7].
Proposition 5.1. Let π be a finite projective plane of order n and let G be
a collineation group of π containing non-trivial elations. Let S denote the
subgroup of G generated by all elations; let S denote the subgroup of S generated
by all involutory elations in G; let K be the subgroup of G consisting of all
collineations fixing the center and axis of each elation in G. Then one of the
following holds.
5.1.1. All involutory elations in G have the same center.
5.1.2. All involutory elations in G have the same axis.
5.1.3. S fixes no center nor axis and one of the following holds.
5.1.3.1. S/(S ∩K)∼= PSL(3,ph) for some prime p and each non-trivial
elation in G has order p.
5.1.3.2. S/(S∩K)∼= Alt(6) and each non-trivial elation in G has order 2.
5.1.3.3. 4  |S|.
5.1.3.4. S ∼= SL(2,2h) with h  2 or S ∼= Sz(2h) with h odd, h  3 or
S ∼= SU(3,22h) or S ∼= PSU(3,22h) with h 2.
We now apply the previous result to our situation. In the next two propositions
we namely assume π to be a finite projective plane of even order n > 4 with
a hyperoval Ω and G to be a collineation group of π fixing Ω . Each non-trivial
central collineation in G is an involutory elation and so the subgroups S and S
coincide in our case. We assume G contains involutory elations, that is S is non-
trivial.
Proposition 5.2. The possibilities for S are as follows.
5.2.1. S is an elementary abelian 2-group.
5.2.2. S/(S ∩K)∼= PSL(3,2h) for some positive integer h.
5.2.3. S/(S ∩K)∼= Alt(6).
5.2.4. 4  |S|.
5.2.5. S ∼= SL(2,2h) with h  2 or S ∼= Sz(2h) with h odd, h  3 or S ∼=
SU(3,22h) or S ∼= PSU(3,22h) with h 2.
Proof. If a point which is the center of an elation γ ∈ S is fixed by S, then γ
commutes with each elation in S and so all elations in S have the same axis. That
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is the case if and only if S is an elementary abelian 2-group consisting of all
non-trivial elations in G together with the identity.
If a line  which is the axis of an elation γ ∈ S is fixed by S, then the center
of each non-trivial elation in G lies on , hence again S is an elementary abelian
2-group consisting of all non-trivial elations in G together with the identity.
If we assume that S fixes no axis nor center, then the previous proposition
shows that one of cases 5.2.2, 5.2.3, 5.2.4 or 5.2.5 must occur. ✷
Following Fischer [19], a conjugacy class D of involutions of a group is
said to be a class of 3-transpositions if the product of any two non-commuting
elements of D has order 3. Finite 3-transposition groups, that is finite groups
generated by a conjugacy class of 3-transpositions, were thoroughly investigated
by Aschbacher, Fischer, Glauberman and Timmesfeld, see [20]. The present work
does not depend on their deep classification theorem, as the result which actually
occurs in the present paper will only concern a special case, see case 5.3.3 below.
Proposition 5.3. If each involution in S is an elation, then one of the following
holds.
5.3.1. S fixes exactly one secant of Ω.
5.3.2. S fixes exactly one point of Ω.
5.3.3. S is a 3-transposition group generated by a conjugacy class of 3-transpo-
sitions in which no two involutions commute.
5.3.4. S has a cyclic Sylow 2-subgroup.
5.3.5. S contains an elementary abelian 2-subgroup whose normalizer in S is not
a maximal subgroup.
Proof. The permutation group induced by S on Ω is contained in Alt(Ω) by
Proposition 2.1.
Assume case 5.3.1 does not hold.
If no two distinct lines which are axes of elations in S meet in a point of Ω ,
then any two non-commuting involutions in S generate a dihedral group of order 6
by Propositions 2.5 and 2.6; in particular, any two such involutions are conjugate
in S. Since case 5.3.1 is assumed not to hold, then S admits no central involution
and so, if α is any given involution in S, there exists another involution β in S
which does not commute with α; any further involution γ in S will not commute
with either α or β and will therefore be conjugate with it, in other words the
involutions form a single conjugacy class in S and so S satisfies the definition of
a 3-transposition group.
We assume now the existence of two distinct lines  and ′, which are axes
of elations in S, whose common point P lies on Ω . Set Ω ∩  = {P,Q},
Ω ∩ ′ = {P,Q′}.
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Let E be the elementary abelian 2-subgroup of all elations with axis .
Clearly an elementary abelian 2-subgroup of S containingE necessarily coincides
withE, see Proposition 2.7. LetN =NS(E) be the normalizer ofE in S. We want
to prove that either case 5.3.4 holds or N fixes both P and Q.
Let γ be a non-trivial collineation in N . Write the order of γ in the form 2uv
with v odd. If γ interchanges P and Q, then so does η = γ v . Note that the order
of η is 2u. If u= 1, then η is an elation whose center lies on , hence η commutes
with each elation in E and the axis of η is  by Proposition 2.6, and so η fixes
both P and Q, a contradiction. If u > 1 then η2u−1 is an elation fixing both P
and Q and so its axis is . As a consequence the group 〈η〉 acts semiregularly on
Ω \ {P,Q}, that is η has n/2u cycles of length 2u and the transposition (P,Q).
Since η induces an even permutation on Ω , we conclude that n/2u is odd.
If H is a 2-subgroup of S properly containing 〈η〉 then an H -orbit on
Ω \ {P,Q} has length 2u+t for some t  0 and is obtained by pasting together 2t
orbits under the action of 〈η〉: since the total number of 〈η〉-orbits on Ω \ {P,Q}
is odd, we must have t = 0 for at least one H -orbit. Now for a point X in such an
orbit we have that the stabilizer in H of X is non-trivial, and so some involutory
elation in H fixes X, a contradiction since X ∈ Ω \ {P,Q}. In particular, 〈η〉
is a Sylow 2-subgroup of S and so we have proved that if a collineation γ ∈ N
interchanges P with Q then case 5.3.4 holds.
If N fixes both P and Q, choose an elation σ ∈ S with axis ′. Then Pσ = P ,
but σ /∈N . Then either case 5.3.5 holds for the elementary abelian subgroup E of
S or 〈N,σ 〉 = S follows. In the latter case S must fix P ; furthermore, an elation
with axis  has P and Q as unique fixed points on Ω , while an elation with axis
′ has P and Q′ as unique fixed points on Ω ; we conclude that P is the unique
fixed point of S on Ω ; that is case 5.3.2 holds. ✷
We are in a position to prove the following result.
Theorem 5.4. Let G be a collineation group fixing a hyperoval Ω in a finite
projective plane π of order n≡ 0 mod 4. If G contains no involutory elation then
a Sylow 2-subgroup of G is cyclic. Assume G contains involutory elations; let
S be the subgroup of G generated by all involutory elations and let K be the
subgroup of G fixing the center and the axis of each involutory elation in G. The
possibilities for S are given below.
5.4.1. S is an elementary abelian 2-group and fixes a unique external line.
5.4.2. S/(S ∩K)∼= PSL(3,2h) for some h 2.
5.4.3. S/(S ∩K)∼= Alt(6).
5.4.4. 4  |S|.
5.4.5. S ∼= SU(3,22h) with S/(S ∩K)∼= PSU(3,22h), h 2.
5.4.6. S fixes a unique point of Ω , and case 5.2.5 holds.
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Proof. By Section 2.1 we may assume that n > 4. If G contains no involutory
elation then Proposition 1.5 in [16] shows that a Sylow 2-subgroup of G is cyclic.
Assume that G contains involutory elations. Proposition 5.2 applies and
cases 5.2.1, 5.2.3, 5.2.4 yield cases 5.4.1, 5.4.3, 5.4.4, respectively. In case 5.2.2
the possibility h = 1 must be excluded since PSL(3,2) contains dihedral
subgroups of order 8, a possibility which is ruled out by Proposition 2.8, and
so case 5.4.2. follows in this case.
The case where condition 5.2.5 holds and S fixes a point of Ω implies
case 5.3.2 and this is precisely case 5.4.6.
What is left to show is that, under case 5.2.5, if S fixes no point of Ω , then
case 5.4.5 holds.
Each group listed under case 5.2.5 has a unique conjugacy class of involutions
and so Proposition 5.3 applies to S.
Case 5.3.2 is excluded by our assumption that S fixes no point of Ω .
None of the groups listed under case 5.2.5 has a subgroup of index 2 and so if
case 5.3.1. holds, then S fixes each one of the two common points of its unique
fixed secant  with Ω . Consequently  is the common axis of all elations in S and
so S is elementary abelian, a contradiction.
None of the groups listed under case 5.2.5 has a cyclic Sylow 2-subgroup and
so case 5.3.4 is excluded as well.
If S ∼= SU(3,22h) then each collineation in the center of S fixes the set of all
centers and axes of the elations in S elementwise. Consequently the center of S is
S ∩K and case 5.4.5 holds.
Apart from SU(3,22h), each group under listed under case 5.2.5 acts by
conjugation on the set of its elementary abelian 2-subgroups of maximum size as
a 2-transitive permutation group. Since 2-transitive groups are primitive, we have
that the normalizers of such elementary abelian subgroups are maximal subgroups
and so case 5.3.5 is ruled out from our discussion.
From the classification of the subgroups of Sz(2h) and SL(2,2h), see [18,21],
we can easily deduce that Sz(2h) is not a 3-transposition group and that SL(2,2h)
is a 3-transposition group only for h = 1. Consequently for h  2 the group
PSU(3,22h) is not a 3-transposition group either as it always contains a subgroup
isomorphic to SL(2,2h). The discussion of case 5.3.3 is thus complete.
The proof of the assertion is now complete. ✷
6. Irreducible collineation groups fixing a hyperoval
Let π be a finite projective plane of order n ≡ 0 mod 4 with a hyperoval Ω .
Let G to be an irreducible collineation group of π fixing Ω .
Apart from the possibility pointed out in Section 4, the group G contains
involutory elations. It is our purpose in this section to determine the structure
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of the subgroup S generated by the involutory elations in G. The main tool in our
analysis is Theorem 5.4 applied to our situation.
Let π0 denote Hering’s minimal subplane, that is the subplane of π generated
by the centers and axes of the involutory elations in G, see [6]. Here again S
denotes the subgroup of G generated by all involutory elations, while K denotes
the subgroup of G consisting of all collineations fixing elementwise the set of all
centers and axes of the involutory elations in G. In other words, K is the kernel
of the action of G on π0. Both S and K are normal subgroups of G. Furthermore,
since K fixes π0 elementwise, K contains no involutory elations and the Sylow 2-
subgroups of K are cyclic by Proposition 1.5 in [16]; for each Sylow 2-subgroup
E of K we have then K =O(K)E, see again [18, IV Satz 2.8].
The difficulty in investigating the structure of G mostly depends on the fact
that the group K may still be fairly large. The following result shows that we can
in principle reduce the problem to the case |K| 2.
Proposition 6.1. Let π be a finite projective plane of order n ≡ 0 mod 4 with
a hyperoval Ω . Let G to be an irreducible collineation group of π fixing Ω .
Assume G contains involutory elations and |G| ≡ 0 mod 4. Then there exists
a G-invariant subplane π˜ in π such that the collineation group G˜ induced by
G on π˜ has the following properties.
6.1.1. G˜ is irreducible on π˜ and contains involutory elations.
6.1.2. G˜ fixes a hyperoval Ω˜ of π˜ .
6.1.3. The subgroup K˜ of G˜ fixing the set of all centers and axes of the involutory
elations in G˜ elementwise is either trivial or has order 2 and is generated
by a Baer involution inducing an odd permutation on Ω˜ .
6.1.4. |G˜| ≡ 0 mod 4.
Proof. If K is trivial, then we can choose π˜ to be π itself.
If Hering’s minimal subplane π0 meets Ω , then π0 is a good choice for π˜ since
K˜ is trivial in this case. The relevant part of the proof deals therefore with the case
where K is non-trivial and π0 is disjoint from Ω .
We show first of all that we can reduce our discussion to the case where O(K)
is trivial. Assume O(K) to be non-trivial and let π∗ denote the fixed subplane
of O(K): clearly π∗ contains π0. Choose an involutory elation γ in G with axis
 and set  ∩ Ω = {P,Q}; since O(K) fixes  and has odd order, we see that
both P and Q are fixed by O(K), hence Ω∗ = π∗ ∩Ω is non-empty and is thus
a hyperoval in π∗. Since K is normal in G and O(K) is characteristic in K , we
have that O(K) is a normal subgroup of G, consequently G fixes π∗ and induces
an irreducible collineation group G∗ on π∗ fixing the hyperoval Ω∗.
Since π0 ⊆ π∗ we have that the kernel of the action of G on π∗ is contained
in K; if π∗ is fixed elementwise by a collineation of even order in K , then it is
also fixed elementwise by a Baer involution in K , contradicting Proposition 2.3.
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Hence the kernel of G on π∗ is precisely O(K), showing in particular that the
order of G∗ ∼= G/O(K) is still divisible by 4. Furthermore π0 is also Hering’s
minimal subplane with respect to the action of G∗ on π∗ and so the kernel K∗
of G∗ on π0 is precisely the 2-group K/O(K) and O(K∗) is trivial now. We can
thus replace π , Ω , G, K by π∗, Ω∗, G∗, K∗, respectively.
Assume now O(K) is trivial. Then K is a cyclic 2-group and the involution
σ (1) in K is a Baer involution whose fixed Baer subplane π(1) contains π0. If
|K| = 2t+1 > 2, then σ (1) induces on Ω a permutation in Alt(Ω) and so σ (1)
has fixed points on Ω . Proposition 1.1 in [16] shows that Ω meets π(1) in
a hyperoval Ω(1). Since σ (1) is the unique involution in K , we have that G fixes
π(1) and so clearlyG induces on π(1) an irreducible collineation groupG(1) fixing
the hyperovalΩ(1).
Lemma 1.4 in [16] shows that a collineation of order 4 in K induces a Baer
involution on π(1). On the other hand, by Proposition 2.10 each involutory elation
γ in G induces on π(1) an involutory elation, whose axis and center are the
same as those of γ and lie thus in π0. In particular, the group G(1) contains
at least two conjugacy classes of involutions and so the largest power of 2
dividing |G(1)| cannot be 2, that is |G(1)| ≡ 0 mod 4. Another consequence is
that π0 is also Hering’s minimal subplane of π(1) with respect to the action of the
irreducible collineation group G(1) and for the kernel K(1) of G(1) on π0 we have
K(1) ∼=K/〈σ (1)〉. In particular, |K(1)| = |K|/2 and O(K(1)) is trivial.
We can now replace π , Ω , G, K by π(1), Ω(1), G(1), K(1), respectively,
and iterate the argument t times until we reach a subplane π(t) meeting Ω in
a hyperoval Ω(t) which is fixed by the induced collineation group G(t) whose
kernel on π0 is a cyclic subgroup K(t) of order 2 generated by a Baer involution
σ (t) of π(t).
If the fixed Baer subplane of σ (t) misses Ω(t) then Proposition 1.1 in [16]
shows that σ (t) induces an odd permutation on Ω(t) and we can finish the process
by setting π˜ = π(t), Ω˜ =Ω(t), G˜=G(t), K˜ =K(t), respectively.
If the fixed Baer subplane of σ (t) has a non-empty intersection with Ω(t) then
we iterate the process one more time, and set π˜ = π(t+1), Ω˜ = Ω(t+1), G˜ =
G(t+1), K˜ =K(t+1), respectively, where now K˜ is trivial. Taking Proposition 2.10
into account, the assertion is thus proved when O(K) is trivial.
The proof is now complete. ✷
Proposition 6.2. With the same assumptions and notation of the previous
proposition, one of the following holds.
6.2.1. π˜ has order 4 and one of the situations described in Section 2.1 holds
for G˜.
6.2.2. π˜ has order n˜ with n˜ ≡ 1 mod 3. Hering’s minimal subplane π˜0 has
order 4 and is disjoint from Ω˜; furthermore, the subgroup S˜ generated
by the involutory elations in G˜ is a Hessian group of order 18 and we have
446 A. Bonisoli, G. Korchmáros / Journal of Algebra 252 (2002) 431–448
G˜ = H˜ × 〈β˜〉, where S˜  H˜  PGU(3,4) and β˜ is either the identity or
a Baer involution fixing π˜0 elementwise.
Proof. We know from case 6.1.4 that the relation |G˜| ≡ 0 mod 4 holds;
Proposition 2.1 together with the second part of case 6.1.1 show that S˜ is a non-
trivial collineation group acting on Ω˜ as a subgroup of Alt(Ω˜). The intersection
S˜ ∩ K˜ is trivial by case 6.1.3. Theorem 5.4 applies to G˜, K˜ , S˜, π˜ , Ω˜ . Cases
5.4.1 and 5.4.6 are excluded by the fact that S˜ is a normal subgroup of G˜ and
G˜ is irreducible. Case 5.4.5 is excluded by the fact that S˜ ∩ K˜ is trivial. If
case 5.4.2 holds then since S˜ ∩ K˜ is trivial we have S˜ ∼= PSL(3,2h) for some
h 2; the group S˜ should contain a subgroup isomorphic to PSL(3,2) and from
PSL(3,2)∼= PSL(2,7)we see that S˜ should contain dihedral subgroups of order 8,
a possibility which is ruled out by Proposition 2.8.
If case 5.4.3 holds then S˜ ∼= Alt(6) and Proposition 2.9 proves that if this is the
case then case 6.2.1 holds.
If case 5.4.4 holds let H˜ be the subgroup of all collineations in G˜ inducing even
permutations on Ω˜ . Case 6.1.3 shows that either G˜= H˜ holds or G˜= H˜×〈β˜〉 for
some Baer involution β˜ ∈ K˜ . In particular, G˜ and H˜ have the same action on π˜0
and this action is strongly irreducible. As S˜ is a normal solvable subgroup of H˜ ,
some minimal normal subgroup of H˜ must be solvable. Therefore Proposition 3.1
applies and we have (C3 × C3)  C2  H˜  PGU(3,4). In particular, S˜ is
a Hessian group of order 18 and π˜0 has order 4.
If π˜0 ∩ Ω˜ were non-empty then this intersection would be a hyperoval in the
plane π˜0 of order 4 which is left invariant by S˜; two distinct elations in S˜ should
then have the same center when regarded as elations of π˜0 and hence also when
regarded as elations of π˜ , a contradiction if the latter one has order strictly greater
than 4.
In order to show that n˜ ≡ 1 mod 3, take any two distinct involutory elations
α1, α2 ∈ S, and consider the induced involutory elations α˜1, α˜2 ∈ S˜. Since the
common point X of their axes lies on π˜0, the previous assertion yields X /∈ Ω˜ .
We know from Proposition 2.5 that the line joining the centers of α˜1 and α˜2 is
disjoint from Ω˜ . Hence α˜1α˜2 has no fixed point on Ω˜ and has order 3, yielding
|Ω˜| ≡ 0 mod 3, and the assertion follows. ✷
Theorem 6.3. Let G be an irreducible collineation group of a projective plane π
of even order n ≡ 0 mod 4. Assume G contains involutory elations and let S be
the subgroup of G generated by all involutory elations. Let π0 denote Hering’s
minimal subplane of G. If G fixes a hyperoval and |G| ≡ 0 mod 4, then either
6.3.1. n= 4, π0 = π and one of the situations described in Section 2.1 occurs for
G and S; or
6.3.2. n > 4 and n≡ 1 mod 3, the centerZ(S) of S is a (possibly trivial) 3-group,
S/Z(S)∼= (C3×C3)C2, and π0 is a subplane of order 4 disjoint fromΩ .
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Proof. We apply Proposition 6.2 and observe that we can actually replace π˜ by
π in case 6.2.1 In fact Alt(6) has only one conjugacy class of involutions, hence
Proposition 2.11 yields that some point of π is the center of at least two involutory
elations fixing Ω . But this can only happen for n = 4 by Proposition 2.4 and
Section 2.1. Also, π˜0 can be replaced by π0 in case 6.2.2. In fact, π0 is a subplane
of π˜0 but it cannot be a proper subplane because G˜ fixes no proper subplane of
π˜0 as its action on π˜0 is strongly irreducible. This allows us to argue as in the
final part in the proof of Proposition 6.2 and to show that the product of any two
involutory elations in G has order 3, and hence deduce n ≡ 1 mod 3. To prove
the assertion on the structure of S, we show at first that the center Z(S) coincides
with the subgroupN of S which fixes π˜ pointwise. Clearly, any collineation in N
fixes π0 pointwise yielding N  Z(S). On the other hand, for any γ ∈ Z(S), the
collineation γ˜ induced by γ on π˜ lies not only in K˜ but also in S˜. By case 6.1.3,
this implies that γ˜ is trivial, whence Z(S)N follows. We have thus Z(S)=N
and so S/Z(S) can be regarded as a collineation group of π˜ . Actually S/Z(S)
is a subgroup of S˜. In fact, for every elation α ∈ S, the map αZ(S) is an elation
in π˜ and hence it belongs to S˜ . By the last statement of Proposition 2.11 the
converse also holds because every elation α˜ ∈ S˜ is the restriction of an elation
α ∈ S to the subplane π˜ . Hence S/Z(S)∼= S˜ , and from case 6.2.2 we obtain that
S/Z(S)∼= (C3 ×C3)C2. Furthermore, the set D of all involutory elations in S
defines a conjugacy class of 3-transpositions in which no two elements commute.
By [22, Corollary 3], the commutator subgroup S′ of S has index 2 and order
a power of 3. In particular, Z(S) S′ and hence Z(S) is a 3-group. ✷
Remark 2. The possibility described in case 6.3.2 does indeed occur in PG(2,16)
for the Lunelli–Sce–Hall hyperoval.
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